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We study the properties of strange quark stars by employing a 3-flavor Nambu-Jona-Lasinio
model with both scalar-isovector and vector-isovector interactions. Using the constraint on the
vector-isoscalar interaction strength obtained from the elliptic flow splitting between particles and
their antiparticles in relativistic heavy-ion collisions, we investigate the dependence of the properties
of strange quark stars on the vector-isovector and the scalar-isovector interactions, and compare the
results with the state-of-art astrophysical constraints on the compact star radius and mass as well as
its tidal deformability from the GW170817 event. Results from our study reinforce the prospect of
using both heavy-ion collisions and astrophysical observations to provide constraints on the isovector
coupling strength in quark matter and thus the quark matter equation of state as well as the QCD
phase structure at finite isospin chemical potentials.
I. INTRODUCTION
Understanding the equation of state (EOS) of dense
and strongly interacting matter is one of the main goals
of nuclear physics. Studies based on heavy-ion collision
experiments in terrestrial laboratories and compact star
properties from astrophysical observations have already
led to significant constraints on the EOS of dense nu-
cleonic matter. However, our knowledge on the EOS of
quark matter, which is related to the phase structure
of the quantum chromodynamics (QCD), is still limited.
Although the scalar part of the quark matter properties
can be constrained by the lattice QCD calculations [1, 2],
its vector part or especially the isovector part, which is
relevant to the properties of quark matter at high net
baryon densities and isospin asymmetries, remains poorly
understood. On the other hand, a recent study using
the transport approach based on a 3-flavor Nambu-Jona-
Lasinio (NJL) model has shown, that the strength of the
vector-isoscalar interaction can be extracted from the rel-
ative elliptic flow (v2) difference between protons and an-
tiprotons as well as between K+ and K− in relativistic
heavy-ion collisions, carried out in the beam-energy scan
program at the relativistic heavy-ion collider [3]. Also, a
strong vector-isovector interaction seems to be needed to
reproduce the v2 difference between π
+ and π− with the
same NJL transport approach at the same collision ener-
gies [4]. Both the vector and isovector interactions have
been shown to have important impacts on the quark mat-
ter EOS and the QCD phase structure [5–9]. It is thus
of great interest to investigate whether the quark inter-
action extracted from heavy-ion collisions is compatible
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with astrophysical observations or whether additional in-
formation can be extracted from the latter.
The mass and radius of compact stars, which are mea-
surable through various methods [10], are the main as-
trophysical observables that can be used to extract infor-
mation on the EOS of strongly interacting matter [11].
The measurement of J1614-2230 and J0348+0432 a few
years ago had led to a precise determination of 1.97 ±
0.04M⊙ [12] and 2.01 ± 0.04M⊙ for their respective
masses [13], putting a strong constraint on the stiff-
ness of the EOS of strongly interacting matter. For
the radius of compact stars with the canonical mass
M = 1.4M⊙, they have been constrained to the range
of 10.62 km < R1.4 < 12.83 km from analyzing the qui-
escent low-mass X-ray binaries [14]. More recently, the
gravitational wave event GW170817 [15] and its associ-
ated electromagnetic counterpart [16] have provided ad-
ditional constraints on the EOS of dense matter. The
latest analysis of GW170817 by the LIGO+Virgo Collab-
oration has found with a 90% confidence that the tidal
polarizability of the merging neutron stars is within the
range 70 < Λ1.4 < 580 [17]. In the present study, we will
employ the above constraints on the compact star mass,
radius, and tidal polarizability to extract information on
the properties of dense matter.
Although the EOS of a pure nucleonic matter can gen-
erally be stiff enough to support a two-solar-mass neu-
tron star, hyperon as well as quark degrees of freedom
are expected to appear with the increasing baryon chem-
ical potential, forming the so-called hybrid stars. It has
been found that the high-mass constraint may be used
to understand the properties of the hadron-quark phase
transition as well as the EOS of the mixed phase in hy-
brid stars (see, e.g., Refs. [18–21]). Also, the radius of
compact stars has been shown to be closely related to the
isovector part of the EOS of dense matter [22]. Another
possible configuration for compact stars is the strange
quark star formed from the strange quark matter, i.e., u,
2d, and s quarks as well as leptons under the charge neu-
trality and β-equilibrium conditions [23–25]. The proper-
ties of strange quark matter, which has been conjectured
as the true ground state of QCD [26, 27], are governed
by quark interactions, and they are also relevant to the
QCD phase structure. In the present study, we inves-
tigate the properties of strange quark matter as well as
strange quark stars based on the 3-flavor NJL model.
With the vector-isoscalar coupling strength favored by
the v2 splitting between protons and antiprotons as well
as between K+ and K− in relativistic heavy-ion colli-
sions [3], and also considering our latest study on the v2
difference between π+ and π− [4], we study in detail the
properties of strange quark stars with vector-isovector
and scalar-isovector interactions. Using data from as-
trophysical observations and heavy-ion experiments, we
can obtain the constraints on the strengths of the quark
vector and isovector interactions in quark matter.
The rest part of the paper is organized as follows. In
Sec. II, we briefly review the theoretical framework of the
NJL model as well as the corresponding strange quark
matter, and the calculation of the mass, radius, and tidal
deformability of compact stars. Detailed results relevant
for properties of strange quark matter as well as strange
quark stars are discussed in Sec. III. A summary is given
in Sec. IV.
II. THEORETICAL FRAMEWORK
A. 3-flavor Nambu-Jona-Lasinio model with
isovector interactions
The Lagrangian of the 3-flavor NJL model with isovec-
tor interactions can be expressed as [33]
LNJL = q¯(i/∂ − mˆ)q +
GS
2
8∑
a=0
[(q¯λaq)
2 + (q¯iγ5λaq)
2]
−
GV
2
8∑
a=0
[(q¯γµλaq)
2 + (q¯γ5γµλaq)
2]
− K{det[q¯(1 + γ5)q] + det[q¯(1− γ5)q]}
+ GIS
3∑
a=1
[(q¯λaq)
2 + (q¯iγ5λaq)
2]
− GIV
3∑
a=1
[(q¯γµλaq)
2 + (q¯γ5γµλaq)
2], (1)
where q = (u, d, s)T and mˆ = diag(mu,md,ms) are the
quark fields and the current quark mass matrix for u, d,
and s quarks, respectively; λa are the Gell-Mann matri-
ces with λ0 =
√
2/3I in the 3-flavor space with the SU(3)
symmetry; GS and GV are, respectively, the scalar-
isoscalar and the vector-isoscalar coupling constant; and
theK term represents the six-point Kobayashi-Maskawa-
t’Hooft interaction that breaks the axial U(1)A sym-
metry [28]. The additional GIS and GIV terms repre-
sent the scalar-isovector and the vector-isovector interac-
tions, with GIS and GIV the corresponding coupling con-
stants, respectively. Since the Gell-Mann matrices with
a = 1, 2, 3 are identical to the Pauli matrices in u and d
space, the isovector couplings break the SU(3) symme-
try while keeping the isospin symmetry. In the present
study, we employ the parameters mu = md = 3.6 MeV,
ms = 87 MeV, GSΛ
2
c = 3.6, KΛ
5
c = 8.9, and the cutoff
value Λc = 750 MeV in the momentum integral given in
Refs. [7, 29].
For the ease of discussions, we define the relative
strength of the vector-isoscalar coupling, the scalar-
isovector coupling, and the vector-isovector coupling re-
spectively as RV = GV /GS , RIS = GIS/GS , and
RIV = GIV /GS . As is known, the position of the critical
point for the chiral phase transition is sensitive to RV [5–
7], which was later constrained within 0.5 < RV < 1.1
from the relative v2 splitting between protons and an-
tiprotons as well as between K+ and K− in relativistic
heavy-ion collisions [3]. RIS and RIV have also been
shown to have dramatic effects on the phase diagram at
larger isospin asymmetries as well as the quark matter
symmetry energy [9]. The vector and the isovector cou-
plings are expected to affect the EOS and properties of
quark matter at high baryon and isospin chemical po-
tentials, respectively. In this work, we will investigate
the role of isovector interactions within the constraint of
0.5 < RV < 1.1.
In the mean-field approximation [34], the energy den-
sity εQ of quark matter from the above NJL Lagrangian
can be written as
εQ = −2Nc
∑
i=u,d,s
∫ Λc
0
d3p
(2π)3
Ei(1− fi − f¯i)
−
∑
i=u,d,s
(µ˜i − µi)ρi +GS(σ
2
u + σ
2
d + σ
2
s)
− 4Kσuσdσs −
2
3
GV (ρu + ρd + ρs)
2
+ GIS(σu − σd)
2 −GIV (ρu − ρd)
2 − ε0. (2)
In the above, the factor 2Nc = 6 represents the spin and
color degeneracy of the quark, ε0 is introduced to en-
sure εQ = 0 in vacuum, and fi and f¯i are respectively
the Fermi-Dirac distribution functions of quarks and an-
tiquarks with flavor i. σi = 〈qiq¯i〉 stands for the quark
condensate related to the distribution function via
σi = −2Nc
∫ Λc
0
d3p
(2π)3
Mi
Ei
(1− fi − f¯i), (3)
where Ei =
√
p2 +M2i is the single-quark energy, and
the Dirac mass Mi of quark flavor i is related to the
quark condensate through the relation
Mi = mi − 2GSσi + 2Kσjσk − 2GISτ3i(σu − σd),(4)
with (i, j, k) being any permutation of (u, d, s) and
τ3i being the isospin quantum number of quarks, i.e.,
3τ3u = 1, τ3d = −1, and τ3s = 0. The net number density
ρi of quark flavor i can be calculated from the quark and
antiquark distribution functions via
ρi = 2Nc
∫ Λc
0
(fi − f¯i)
d3p
(2π)3
. (5)
The relation between the effective chemical potential µ˜i
and the real chemical µi depends on the vector interac-
tions, i.e.,
µ˜i = µi −
4
3
GV (ρu + ρd + ρs)− 2GIV τ3i(ρu − ρd).(6)
At zero temperature relevant to the present study, the
quark distribution reduces to the step function fi =
Θ(µ˜i − Ei), and antiquarks disappear, i.e., f¯i = 0. The
above equations can be solved self-consistently, and from
which the pressure of quark matter at zero temperature
can be obtained from
PQ =
∑
i=u,d,s
µiρi − εQ. (7)
B. Compact stars composed of strange quark
matter
The strange quark star is composed of a mixture of
quarks (u, d, and s) and leptons (e and µ) under the
charge neutrality condition
2
3
ρu −
1
3
(ρd + ρs)− ρe − ρµ = 0, (8)
and the β-equilibrium condition
µs = µd = µu + µe, (9)
µµ = µe. (10)
In terms of the electron mass me = 0.511 MeV and the
muon mass mµ = 106 MeV, the lepton contributions to
the energy density and the pressure are
εL =
∑
i=e,µ
1
π2
∫ pi
F
0
√
p2 +m2i p
2dp, (11)
PL =
∑
i=e,µ
µiρi − εL, (12)
where piF = (3πρi/2)
1
3 is the lepton Fermi momentum.
The total energy density and pressure including the con-
tributions from both quarks and leptons are
ε = εQ + εL, (13)
P = PQ + PL, (14)
where εQ and PQ are from the NJL model given in the
previous subsection.
Using the pressure P and the energy density ε, the
mass-radius relation of compact stars can be obtained by
solving the Tolman-Oppenheimer-Volkoff equation, i.e.,
dP (r)
dr
= −
M(r)[ε(r) + P (r)]
r2
[
1 +
4πP (r)r3
M(r)
]
×
[
1−
2M(r)
r
]−1
, (15)
where M(r) is the gravitational mass inside the radius r
of the compact star and can be obtained from the integral
of the following equation
dM(r)
dr
= 4πr2ε(r). (16)
The gravitational waves emitted from the merge of two
compact stars serve as another probe to the EOS of dense
matter [30, 31]. The tidal deformability Λ of compact
stars during their merge is related to the love number k2
through the relation Λ = 23k2β
−5, with the latter given
by [30, 32]
k2 =
8
5
(1− 2β)2[2 − yR + 2β(yR − 1)]
× {2β[6− 3yR + 3β(5yR − 8)]
+ 4β3[13− 11yR + β(3yR − 2) + 2β
2(1 + yR)]
+ 3(1− 2β)2[2− yR + 2β(yR − 1)]ln(1− 2β)}
−1.
(17)
In the above, β ≡ M/R is the compactness of the com-
pact star, and yR ≡ y(R) is the solution at the star sur-
face to the first-order differential equation
r
dy(r)
dr
+ y(r)2 + y(r)F (r) + r2Q(r) = 0, (18)
with
F (r) =
r − 4πr3[ε(r) − P (r)]
r − 2M(r)
,
Q(r) =
4πr
[
5ε(r) + 9P (r) + ε(r)+P (r)∂P (r)/∂ε(r) −
6
4pir2
]
r − 2M(r)
− 4
[
M(r) + 4πr3P (r)
r2(1 − 2M(r)/r)
]2
. (19)
For a given central density ρc and using the boundary
conditions y(0) = 2,M(0) = 0, P (0) = Pc, and ε(0) = εc,
the above differential equations can be solved, and the
mass M , radius R, and the tidal deformability Λ can be
obtained. By changing the value of ρc, one gets series of
strange quark stars with relations among M , R, and Λ
based on a particular strange quark matter EOS.
III. RESULTS AND DISCUSSIONS
We first discuss the impact of the isovector interactions
on the EOS of strange quark matter from the 3-flavor
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FIG. 1: (color online) The equation of state, i.e., pressure
as a function of the energy density (left) and the reduced
baryon density (right) for strange quark matter with differ-
ent coupling strengths of the vector-isovector interaction RIV
and the scalar-isovector interaction RIS , for a given vector-
isoscalar interaction coupling strength RV = 0.5 (upper) and
1.1 (lower). Here ρB = (ρu+ρd+ρs)/3 is the baryon density,
and ρ0 = 0.16 fm
3 is the saturation density of normal nuclear
matter.
NJL model for 0.5 < RV < 1.1. As shown in Fig. 1,
the EOS is more sensitive to the strength of the vector-
isoscalar interaction through the 23GV (ρu+ρd+ρs)
2 term
in Eq. (2), with a larger RV leading to a stiffer EOS for
the strange quark matter. The vector-isovector interac-
tion characterized by the reduced coupling constant RIV
slightly stiffens the EOS at higher baryon densities, since
its contribution is determined by the GIV (ρu−ρd)
2 term
in Eq. (2). For the scalar-isovector interaction charac-
terized by the reduced coupling constant RIS , it affects
the EOS only around 2ρ0 as shown in the insets, but has
negligible effects at higher baryon densities.
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FIG. 2: (color online) Constituent masses of u, d, and s quarks
as functions of the reduced baryon density in strange quark
matter for different coupling strengths of the scalar-isovector
interaction RIS = 0 and 0.16.
To understand the effect of the scalar-isovector inter-
action, we display in Fig. 2 how the constituent mass of
various quarks in strange quark matter changes with its
reduced baryon density. The decrease of constituent mass
with increasing baryon density is observed for all quark
species as a result of chiral symmetry restoration at fi-
nite baryon densities. In the isospin asymmetric strange
quark matter with different u and d quark densities, the
mass splitting between u and d quarks is observed even
without the scalar-isovector interaction as a result of the
K term in Eq. (4). In the presence of the scalar-isovector
interaction, the mass splitting between u and d quarks is
enhanced due to the GIS term in Eq. (4). Further in-
creasing the strength of the scalar-isovector interaction
may lead to too large a mass splitting and thus an unrea-
sonable negative d quark mass. We note that the scalar-
isovector interaction affects the EOS mostly around 2ρ0
through the mass splitting of u and d quarks, as shown
in Fig. 1.
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FIG. 3: (color online) Relative fractions of u, d, s, and e com-
ponents as functions of the reduced baryon density in strange
quark matter for different coupling strengths of the vector-
isoscalar, scalar-isovector, and vector-isovector interactions.
To better understand the effects of isovector interac-
tions on the EOS of strange quark matter, we show in
Fig. 3 the relative fraction of various quarks and leptons
for different coupling strengths of these interactions. The
decrease of the d quark and electron fractions when s
quarks appear is observed in all cases. With the mean-
field approximation for only the flavor-singlet state, the
vector-isoscalar interaction has negligible effects on the
relative fractions of various particles. As to the vector-
isovector interaction, it enhances significantly the elec-
tron fraction and reduces the electron threshold density,
and at the same time reduces the difference between the
u and d quark fractions. The latter is understandable
since the vector-isovector interaction tends to reduce the
isospin asymmetry in strange quark matter and thus the
energy of the system. For the scalar-isovector interac-
tion, it affects only slightly the electron threshold den-
sity. Due to the small isospin/charge chemical potential
in the strange quark matter, no muons are present at all
densities.
The sound velocity cs, which can be calculated from
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FIG. 4: (color online) The square of the sound velocity as
a function of the reduced baryon density in strange quark
matter for different coupling strengths of the vector-isovector
interaction RIV and the scalar-isovector interaction RIS , for a
given vector-isoscalar interaction coupling strength RV = 0.5
(left) and 1.1 (right).
c2s = ∂P/∂ǫ, is another property of the strange quark
matter, and it can be used to check if the underlying
EOS satisfies the causality condition. As shown in Fig. 4,
a stronger vector-isoscalar interaction leads to a quicker
increase of the sound velocity with increasing baryon den-
sity as expected. The peak of the sound velocity occurs at
a baryon density where s quarks appear and thus soften
the EOS as a result of more degrees of freedom. As shown
in Fig. 3, the threshold density for the appearance of s
quarks, which corresponds to the peak of the sound ve-
locity, is sensitive to the strength of the vector-isovector
interaction. The sound velocity further increases at even
higher densities, and this is due to the disappearance of
electrons and the saturation of the s quark fraction, as
can also be seen from Fig. 3. Similar to the effect on the
EOS, the scalar-isovector interaction affects the sound ve-
locity only around 2ρ0. Also shown in Fig. 3 is the sound
velocity c2s = 1/3 in the conformal limit corresponding
to free massless fermions, and it is seen that our results
with a strong repulsive vector-isoscalar interaction are
larger than this limit at higher densities, indicating that
the corresponding EOS is stiffer than that of massless
fermions. We note that for all densities considered here
the causality condition is safely satisfied.
The relations between the mass and radius of a strange
quark star as well as between its mass and central baryon
density from different scenarios are compared in Figs. 5
and 6, respectively. Without isovector couplings, the
maximum mass of strange quark stars can reach about
1.8M⊙ for RV = 0.5 and 2.2M⊙ for RV = 1.1. Including
the vector-isovector interaction increases both the max-
imum mass and the radius of the strange quark star,
while including the scalar-isovector interaction increases
slightly the maximum mass but has different effects on
the radius for stars with higher or lower masses. These
can be understood from the EOSs for different scenarios
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FIG. 5: (color online) Mass-radius relation for strange quark
stars with different coupling strengths for the vector-isovector
interaction RIV and the scalar-isovector interaction RIS , for a
given vector-isoscalar interaction coupling strength RV = 0.5
(left) and 1.1 (right).
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FIG. 6: (color online) Relation between the mass and the
reduced central baryon density of strange quark stars with
different coupling strengths of the isovector interaction RIV
and the scalar-isovector interaction RIS , for a given vector-
isoscalar interaction coupling strength RV = 0.5 (left) and
1.1 (right).
as shown in Fig. 1, and the sensitivity of the compact star
radius to the isovector part of the EOS is consistent with
that observed in Ref. [22]. After the mass of compact
stars reaches the maximum value, further increasing the
central density will reduce both the maximum mass and
the radius, making the compact star unstable. Results
corresponding to such unphysical regions are not plotted
in these figures, and our study indicates that the maxi-
mum baryon density for strange quark stars is less than
6ρ0.
The tidal deformability as a function of strange quark
star mass for different scenarios is displayed in Fig. 7.
The general behavior that the deformability decreases
with increasing mass is observed, as long as the strange
quark star is stable with increasing central density. For a
61.2 1.6 2.0 2.4
0
200
400
600
800
1.2 1.6 2.0 2.4
1.4M 1.4M
 
 
M/M
 RIS=0,RIV=0
 RIS=0.16,R IV=0
 RIS=0,RIV=2.0
 RIS=0.16,R IV=2.0
RV = 0.5
(a) (b)
RV = 1.1
 
 
FIG. 7: (color online) Relation between the tidal deforma-
bility and the mass of strange quark stars with different cou-
pling strengths of the vector-isovector interaction RIV and the
scalar-isovector interaction RIS , for a given vector-isoscalar
interaction coupling strength RV = 0.5 (left) and 1.1 (right).
given mass, the deformability is larger for a larger radius,
as expected. Thus, the value RV = 1.1 generally gives a
larger deformability than the value RV = 0.5 for a canon-
ical star mass of M = 1.4M⊙. Including the isovector
interactions also increases slightly the deformability, con-
sistent with the slightly larger radius observed in Fig. 5
when isovector interactions are included. For such a
canonical star mass, the tidal deformabilities from all sce-
narios are within the uncertainty range 70 < Λ1.4 < 580
extracted from the GW170817 event [17]. The large un-
certainty in the tidal deformability thus cannot give ad-
ditional constraints on quark interactions.
We summarize the constraints on the coupling
strengths of the vector-isoscalar and the vector-isovector
interactions from heavy-ion collisions and astrophysical
observations in Fig. 8. Considering the uncertainties
of the scalar-isovector interaction, constraints for both
RIS = 0 and RIS = 0.16 are plotted. The range
0.5 < RV < 1.1 is from the v2 splitting between pro-
tons and antiprotons as well as between K+ and K−
in relativistic heavy-ion collisions [3], while our more re-
cent study on the v2 splitting between π
+ and π− favors
RIV > 2 [4] and is rather insensitive to RV and RIS .
As shown in Fig. 5, the vector-isovector interaction is
needed to give the maximum mass of strange quark star
as large as 2M⊙ for smaller RV , while it may lead to too
large a radius for a canonical compact star compared to
the constraint 10.62 km < R1.4 < 12.83 km for larger
RV . The mass-radius relation together with the v2 split-
ting results thus gives an allowed area for (RV , RIV ), as
shown in Fig. 8, for different values of RIS .
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FIG. 8: (color online) Constraints on the strengths of the
vector-isoscalar interaction RV and the vector-isovector inter-
action RIV from the v2 splitting results in relativistic heavy-
ion collisions and the mass-radius relation for strange quark
stars. The upper panel is the case without the scalar-isovector
interaction RIS = 0, while the lower panel is for RIS = 0.16.
IV. SUMMARY AND OUTLOOK
We have studied the properties of strange quark stars
by employing the 3-flavor Nambu-Jona-Lasinio model
with isovector interactions included and the vector-
isoscalar interaction constrained by the elliptic flow split-
ting in relativistic heavy-ion collision. Effects of the
isovector interactions on the equation of state, the u and
d quark mass splitting, the relative multiplicity fraction
for different particle species, and the sound velocity in
strange quark matter are discussed. Although the re-
sulting tidal deformabilities are all consistent with the
uncertainty range extracted from the GW170817 event,
the state-of-art constraints on the compact mass and ra-
dius limit the coupling strengths of the isovector interac-
tions. An allowed region for the strengths of the vector-
isoscalar, vector-isovector, and scalar-isovector interac-
tion is obtained from both elliptic flow splitting between
particles and antiparticles in relativistic heavy-ion colli-
sions and astrophysical observations. This may help to
better understand the quark matter equation of state as
well as the QCD phase structure at finite isospin chemical
7potentials.
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